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Abstract. Hodgkin and Huxley provided the first quantitative description of voltage-dependent currents and
adjusted their model to experimental data using empirical functions of voltage. A physically plausible formalism
was proposed later by assuming that transition rates depend exponentially on a free-energy barrier, by analogy with
thetheory of reactionrates. Itwas also assumed that the free energy depends linearly on voltage. Thisthermodynamic
formalism can accurately describe many processes, but the resulting time constants can be arbitrarily fast, which
may also lead to aberrant behavior. We considered here a physically plausible solution to this problem by including
nonlinear effects of the electrical field on the free energy. We show that including effects such as mechanical
constraints, inherent to the structure of the ion channel protein, leads to more accurate thermodynamic models.
These models can account for voltage-dependent transitions that are rate-limited in a given voltage range, without
invoking additional states. We illustrate their applicability to fit experimental data by considering the case of the
T-type calcium current in thalamic neurons.
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1. Introduction Thesethermodynamic modeléEyring et al., 1949;
Tsien and Noble, 1969; Hill and Chen, 1972; Stevens,

Hodgkin and Huxley (1952) provided the first quan- 1978; Hille, 1992) provide a firm physical basis to con-
titative characterization of the voltage dependence of strain and parameterize the voltage dependence of rate
ionic currents and its role in generating action poten- constants, which are then used to fit voltage-clamp data.
tials. The formalism they used invoked the assembly Thermodynamic models usually assume that a free-
of several gating particles acting independently in a energy barrier is associated to the transition, by anal-
voltage-dependent manner. The voltage dependence ofogy with the theory of reaction rates (Eyring, 1935;
the rate constants were fit to voltage-clamp measure- Johnson et al., 1974). They also assume that the effect
ments using empirical functions of voltage, which con- of the electrical field is linear on the free energy, which
ferred to the model a behavior consistent with action can be interpreted physically as reducing the conforma-
potential genesis in squid giant axon. tional change to the translation of a freely moving elec-

Instead of using empirical functions, it is also pos- tric charge or the rotation of rigid dipoles (Andersen
sible to deduce the functional form of the voltage de- and Koeppe, 1992; Hille, 1992; Johnston and Wu,
pendence of the rate constants from thermodynafics. 1995).
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Although this approach has proved to be accurate inactivation gatesn) and one inactivation gaté). m
for many purposes (reviewed in Hille, 1992), it has the andh are the fraction of each gate in the open config-
major complication that the time constant can reach uration. Them?h formalism in Eq. (1) was deduced
arbitrarily small values, which may lead to aberrant by maximum likelihood criteria from voltage-clamp
behavior. In reality, the complex molecular structure experiments (Huguenard and Prince, 1992). These
of ion channels imposes bounds on their transition variables were described by the following first-order
rates. Because exponential functions of voltage can- equations:
not account for rate-limited transitions, this problem

is usually solved by introducing a minimal rate (Borg- d_m — am(V)(L —m) — Bm(V)M )
Graham, 1991), forcing the rate constants to saturate dt

(Willms et al., 1999), or using additional voltage- @ — (V)L —h) — Ba(V)h
independent rate-limiting transitions. These proce- dt = an(V)( ) = An(VOh, 3

dures are, however, largely empirical.

In this article, we consider a physically plausible
framework to solve this problem. We introduce a func-
tional form for the voltage dependence of rate con-
stants that takes into account more realistic effect of
the electrical field on the ion channel protein. We then
show that this functional form naturally accounts for
rate-limiting effects, and we illustrate its applicability
by modeling the voltage-dependence of T-type calcium

whereay, and B, are, respectively, the forward and
backward rate constants for activation. For the inacti-
vation gate, these constants ageandpy,, respectively.
The quantities directly observable using voltage-
clamp experiments are the steady-state activation
(my), the activation time constant{), the steady-
state inactivationH,), and the inactivation time con-
stant (). These quantities are given, respectively, by

currents.
Moo = otm/[atm + ] (4)
2. Methods ™m = 1/[om + Bl (5)
oo = an/[an + Bn] (6)
Whole-cell voltage-clamp recordings of the T-type cal- th = 1/[an + Br]- (7)

cium current were obtained from thalamic relay neu-

rons acutely dissociated from the ventrobasal thalamus These equations were applied to model the T-type

of young rats (P8—P15). All voltage-clamp recordings calcium current in thalamic neurons (see Section 3,

were at a temperature of 24 degree centigrade. TheResults), using different methods to determine the ex-

methods were described in detail in Huguenard and act functional form of the rate constants, Bm, o,

Prince (1992). and Bn. One of these methods consisted of an em-
The voltage-clamp behavior of the T-type®Caur- pirical fit to the experimental data (Huguenard and

rent (I+) was modeled using a Hodgkin and Huxley
(1952) type model. Due to the nonlinear behavior of
Ca&+ currents,|t was represented using the constant-
field equations (see Hille, 1992):

Z?F2V Cag — Ca, exp(—ZFV/RT)
RT  1—exp—ZFV/RT)
1)

PCa

I+ m2h

wherePc, (in centimeter per second) is the maximum
permeability of the membrane ©@&?* ions,Z = 2 is
the valence of C& ions, F is the Faraday constant,
R is the gas constant, and is the absolute temper-
ature in degrees KelvinCg andCa, are the intra-
cellular and extracellula€a?* concentrations (in M),
respectively. The gating dfr was represented by two

McCormick, 1992). The steady-state relations were
fit using Boltzmann functions (Fig. 2A-B, solid lines),
leading to the following optimal functions:

My (V) = 1/(1 + exp[—(V + 57)/6.2])
ho(V) = 1/(1+ exp[(V + 81)/4)).

The voltage-dependence of time constants was rep-
resented by multiexponential functions that were fit to
the experimental data. (Huguenard and McCormick,
1992), leading to the following expression for activa-
tion:

tm(V) = 0.612+ 1/(exp[-V + 312)/16.7]

+ exp[(V + 16.8)/18.2)) (8)
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and for inactivation: 3.1. Hodgkin-Huxley Model of the T-Type
Calcium Current
(V) =28+ expl-(V + 22)/109] The T-type C&" calcium current (also called low-
forvV = —81mv ©) threshold C&" current) is responsible for the genesis
of bursts of action potentials in many cell types, such as
expl(V +467/66.6] thalamic neurons (Jahnsen and B§n1984). In thala-
forV < —8lmv. mic neurons, this current was characterized by a num-
ber of voltage-clamp studies (reviewed in Huguenard,
Here, two different functions were fit to the time const-  1996). Several models of the T-current were proposed
antst, obtained from inactivation protocol¥ (> —81 (reviewed in Destexhe and Sejnowski, 1997). Torepre-
mV) or recovery from inactivation( < —81 mV). sent the “classical’ Hodgkin-Huxley approach, which
The T-current was simulated in current-clamp in a Cconsists of adjusting rate constants to experimental data
single-compartment neuron described by the following by using empirical functions of voltage (Hodgkin and
equation: Huxley, 1952), we have used here a model drawn by
Huguenard and McCormick (1992), which is given in
Y Section 2, Methods.
Cn— =—-0.(V—Ep) — It, (10) The T-type C&" current is transient and has acti-
dt vation and inactivation characteristics similar to the
fast Na current but is slower, and its voltage range
where C,,,=0.88uF/cn? is the membrane capaci- for activation and inactivation typically occurs around
tance,g. = 0.038 mS/crA andE, = —77 mV are rest. Voltage-clamp recordings of the T-current are
the leak conductance and reversal potential, lgni shown in Fig. 1A. A typical activation protocol for the
the T-current as given by Eqg. (1). These parameters T-current, consisting of a series of voltage steps from
were obtained by matching the model to thalamic neu- a hyperpolarized leve{100 mV) to various depolar-
rons recordedh vitro (Destexhe et al., 1998). ized levels, reveals an inward current that activates and
All models were simulated using the NEURON sim-  inactivates in a voltage-dependent manner (Fig. 1A1).
ulation environment, which can solve cable equations A particular feature of the T-current is that the recovery
and voltage-dependent conductances based on eithefrom inactivation is very slow. This is shown using a
differential equations or kinetic diagrams (Hines and voltage-clamp protocol in which the current is reacti-
Carnevale, 1997). Models were fit to experimental data vated from a holding voltage where the current is fully
using a simplex search procedure (Press et al., 1986).inactivated (Fig. 1A2). The time constant of recovery,
Fitting was performed simultaneously on two data sets: estimated from fitting an exponential to the peak cur-
time constants and steady-state values (see Fig. 2).rents (dashed line in Fig. 1A2), reveals time constants
Each data set was given equal weight by renormalizing of about 300 ms, almost an order of magnitude slower
its mean-square error by its maximal amplitude. All than inactivation time constants.
computational models and fitting procedures were run  The voltage-dependent properties of this current
on a Sparc 20 workstation (Sun Microsystems, Moun- are illustrated in Fig. 2 (symbols). The steady-state
tain View, CA). relations and time constants obtained from voltage-
clamp recordings ol are shown for several cells.
Steady-state activation and inactivation had a sigmoidal
3. Results voltage-dependence (Fig. 2A-B, symbols) consistent
with the characteristics of the T-currentin other types of
We first describe the empirical fitting of a Hodgkin- neurons (Huguenard, 1996). Activation time constants
Huxley type model to the T-type calcium current in showed a bell-shaped curve with values ranging from
thalamic neurons. We then consider linear and non- 1.5to 20 ms and reached a constant value around 1.5 ms
linear thermodynamic models and compare their ade- at depolarized levels (Fig. 2C, symbols). Inactivation
guacy to model the voltage-dependent properties of the time constants ranged from 25 ms to 120 ms (symbols
T-current. > —81 mV in Fig. 2D), also showing a saturation to a
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Activation

A1 26 mV

-74 mvV 100 mV

40 ms

B1 Empirical Hodgkin-Huxley model

Recovery from inactivation
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Figure L Experiments and models of the voltage-clamp behavior of the T-current in thalamic nelefhganels Activation protocol.

Command potentials at various levels were given after the cell was maintained at a hyperpolarized holding potential, leading to the activation

of the current. Right panels Protocol for the recovery from inactivation. From a holding voltage-dD mV at which the current is fully
inactivated, the current is stepped+60 mV for variable durations, then stepped back# mV. A: Experimental data from isolated thalamic
neurons at 24C. B: Empirical Hodgkin-Huxley model (see Section 2, Methods; the density of T-channels in Bayas 3 x 108 cm/s).

constant value (about 25 ms) at depolarized levels and3.2. Thermodynamic Models

a slow recovery (symbols —81 mV in Fig. 2D).

Thus the T-current in thalamic relay neurons has ac-
tivation and inactivation that are characterized by rel-
atively slow time constants and a slow recovery from
inactivation, almost an order of magnitude slower than
inactivation.

The fit of a Hodgkin-Huxley model to these ex-
perimental data using empirical functions of voltage
(see Section 2, Methods) is shown in Fig. 2 (solid
lines). The behavior of this model in voltage clamp
(Fig. 1B) accounted well for all voltage-clamp pro-
tocols with activation and recovery from inactivation
shown in Fig. 1B1 and B2, respectively. However,
in this model,z,, and r, were fit using functions of
voltage obtained empirically. Similar to the work of
Hodgkin and Huxley (1952), this approach leads to a
model that accounts well for the current-clamp behav-
ior of the T-current in thalamic neurons (McCormick
and Huguenard, 1992; see below).

Another possibility is to deduce the exact functional
form of the voltage-dependence of the model from
thermodynamics. This type of model assumes that the
gating of ion channels operates through successive con-
formational changes of the ion channel protein. Con-
sider an elementary transition between an initigl (
and a final F) state, with a rate constantV) that is
voltage-dependent:

r(v)
| — F.

(11)
According to the theory of reaction rates (Eyring, 1935;
Johnson et al., 1974), the rate of the transition depends
exponentially on the free energy barrier between the
two states:

r(V) =roe 2CV/RT (12)



Nonlinear Thermodynamic Models of lonic Currents 263

Activation Inactivation
B

1
0.8
0.6
0.4_]
0.2_]

0 .

[ ] | I |

-120 -100 -80 —-60 -40

Membrane potential (mV)

O

50 — 400 —,
@ @
E 5 £ a0
5 5
£ 10— & 200 -
C C
8 3
o 5+ o 100
£ £
= o _ .
| T T | | 1 T |
-120 —-80 —40 0 -120 -80 -40 0
Membrane potential (mV) Membrane potential (mV)

Empirical Hodgkin-Huxley

---------------- Linear thermodynamic

Nonlinear thermodynamic

Figure 2 Fitting of differnt models to the T-current in thalamic relay neurons. In each panel, the symbols show the voltage-clamp data
obtained in several thalamic neurons (from Huguenard and McCormick, 1992), and the continuous curves show the best fits obtained with
three types of Hodgkin-Huxley models: an empirical model (solid lines), a linear thermodynamic model (thin dashed lines) and a nonlinear
thermodynamic model (thick dashed lined). Steady-state activatiom®,). B: Steady-state inactivatiomg,). C: Activation time constant

(zm)- D: Inactivation time constant{). The leftmost symbols in D—81 mV) are the data from the slow recovery from inactivation of the
T-current. See text for the values of the parameters.
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Stevens, 1978; Andersen and Koeppe, 1992). For ex-
ample, linear terms iW will resultif the conformations
differ in their net number of charges or if the confor-
mational change is accompanied with the translation
AGY) - of a freely moving charge inside the structure of the
: channel (see Fig. 5A).

Applying Egs. (12) to (14), the rate constant can be

Gy (V) written as

Free energy

r (V) =Ty ef[(A*‘i’B*V)*(AO?LBOV)]/RT’

. ef(aerV)/RT’ (15)

A\

'srt‘g{:' QSL?’?L?{‘ :tigg wherea = A* — Ag andb = B* — By represent dif-
P ferences between the constant and linear components

Figure 3 Schematic representation of the free energy profile of Of the free energy of the initial and activated states

conformational changes in ion channels. The diagram represents the(according to Eq. (14))_

free energy of different states involved in a transition: the initial Consider the particular case of a reversible open-

state, activated complex, and final state. The equilibrium distribution .
- . . . closed transition

between initial and final states depends on the relative value of their

free energyGo andGj). The rate of the transition will be governed

by thefree energy barrietAG, which is the free energy difference a(V)
between the activated complex and the initial state. C ,B(:V)) o, (16)
whererg is a constant andG(V) is the free energy ~ whereC andO are, respectively, the closed and open
barrier, which can be written as states, andx and 8 are the forward and backward
rate constants. Applying Eq. (15) to forward and back-
AGV) = G*(V) — Go(V), (13) ward reactions leads to the following expression for the

voltage-dependence of rate constants:

whereG*(V) is the free energy of an intermediate state

(activated complex) anq(V) is the free energy of a(V) = age”@FVI/RT 17
the initial state, as illustrated in Fig. 3. The relative B(V) = Bpe @ tV)/RT, (17)
values of the free energy of the initial and final states

(Go andG;) determine the equilibrium distribution be-  whereay, a,, by, andb, are constants specific for this
tween these states, while the kinetics of the transition transition. In the following, this form with simple ex-

depend on the size of the free-energy barn& (V). ponential voltage dependence of rate constants will be
calledlinear thermodynamic model
Linear Thermodynamic Modelslt is usually assumed Afurther simplification is to consider that the confor-

that a linear voltage dependence of the free energy is mational change consists of the movement of a freely
sufficient to describe the gating of ion channels (Tsien moving gating particle with charge (Hodgkin and
and Noble, 1969; Stevens, 1978; Borg-Graham, 1991; Huxley, 1952; see also Borg-Graham, 1991). The for-
Andersen and Koeppe, 1992; Hille, 1992). According ward and backward rate constants can be written as
to these linear thermodynamic models, the free energy
of a given staté can be written as a(V) = AevaFV=Vn/RT

B(V) = Al naFV=Vu)/RT (18)
Gi(V)=A +BV, (14)
wherey is the relative position of the energy barrier
where the constand; corresponds to the free energy in the membrane (between 0 and Y), is the half-
that is independent of the electrical field, and the linear activation voltage, and A is a fixed constant. This form
term B;V to the effect of the electrical field on iso- was introduced by Borg-Graham (1991) to parameter-

lated charges and rigid dipoles (Hill and Chen, 1972; ize Hodgkin-Huxley models. Its parameters are very
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convenient for fitting experimental dat&y; andq af-

fect the steady-state activation and inactivation curves,
whereasA andy affect only the time constant with no
effect on steady-state relations.

Linear Thermodynamic Model of the T-Currenthis
formalism was used to constrain the fitting of experi-
mental data by using rate constants dictated by Eq. (17).
This procedure led to the following optimal expres-
sions:

am = 0.049 exp[444m(V + 54.6)/RT] (19)
Bm = 0.049 expl-444(1 — ym)(V + 54.6)/RT]
(20)
an = 0.00148 expE-5591(V + 819)/RT]  (21)
Bm = 0.00148 exp[556L — y)(V + 81.9)/RT],
(22)

wherey, = 0.90 andy,, = 0.25. These expressions
are drawn in Fig. 2 (thin dashed lines).

This model provided a good fit of the steady-state
relations (Fig. 2A-B, thin dashed lines), but the fit to
time constants was poor (Fig. 2C-D, thin dashed lines).

Activation

A1l Linear thermodynamic model

265

In particular, it was not possible to capture the satura-
tion of 1, and ,, to constant values for depolarized
membrane potentials. This poor fit had catastrophic
consequences, as illustrated in Fig. 4A. Due to the
near-zero time constants at depolarized levels, the cur-
rent activated and inactivated too fast and led to peak
current amplitudes that were over an order of mag-
nitude smaller than the Hodgkin-Huxley model with
same channel densities (compare Fig. 4Awith Fig. 1B).
We conclude that linear thermodynamic models do not
provide an acceptable behavior in voltage-clamp for
the T-current.

Nonlinear Thermodynamic Modeldn general, the ef-
fectof the electrical field on a protein will depend on the
number and position of its charged amino acids, which
will result in both linear and nonlinear components in
the free energy. Without assumptions about the under-
lying molecular structure, the free energy of a given
statei can be written as a Taylor series expansion of

the form
Gi(V)=A+BV+CVi+..., (23

where A; corresponds to the free energy that is inde-
pendent of the electrical field, and the linear teBnv

Recovery from inactivation

A2

VW

40 pA

B1

Nonlinear thermodynamic model

200 pA

150 ms

T

50 pA

B2

Figure 4  Voltage-clamp behavior of thermodynamic models of the T-curifesit panels Activation protocol.Right panels Protocol for the
recovery from inactivation (same protocol as in Fig. A).Linear thermodynamic model of the T-curreBt. Nonlinear thermodynamic model.
The same density of T-channels was used in all cases and was the same as the empirical models shown iRdzig= 3B<(10-° cm/s).
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corresponds to the interaction between electrical field For example, the quadratic expansion of Eq. (25)
with isolated charges and rigid dipoles, as described can be written as
above. The higher-order terms describe effects such as

. . . . . — — — 2
electronic polarization and pressure induce&/hill a(V) = Ae V-V etV =Vi)T/RT

and Chen, 1972; Stevens, 1978; Andersen and Koeppe, B(V) = Adba(V=Vin) +0a(V-Vi)?J/RT (26)
1992), as well as mechanical constraints (see below).
Ingeneral, each conformational state of theion chan- and similarly, its cubic expansion:

nel protein will be associated with a given distribu-

tion of charges and will therefore be characterized by a (/) — A g [b1(V-Vi) + eV =Vi)? + du(V=Vi)°l/RT

given s_et of coefﬂment; in Eq. (23)_. This is also true for BV) = A 020V Vi) 4 GV Vi 2 4 GV Vi ]/ RT (27)

the activated state, which is a particular case of confor- ’

mation. Applying Egs. (12) and (23), the rate constant )

can be written more generally as whereA,_pl, ..., dy are constants as dgflned above.
Inaddition to the effect of voltage onisolated charges

rV) =ro e [(A"+B"V+C V2. )~ (Ao+BoV+CoV2+..)]/RT or rigid dipoles, described in Eq. (17), these forms

account for more sophisticated effects such as elec-
tronic polarization or the deformation of the protein
by the electrical field (Hill and Chen, 1972; Stevens,
1978). This contribution, however, was estimated to be
small (see Sigworth, 1993). Higher-order terms would
also take into account the presence of mechanical con-
straints on the gating process, as illustrated in Fig. 5.
If gating results from the movement of a freely moving
charge (Fig. 5A), the free energy will depend linearly
on voltage. However, if gating depends on the move-

=T e—(a+bV+cV2+...)/RT’ (24)

wherea = A* — Ag,b=B*— By, c=C*—-C,, ...,
represent differences between the linear and nonlinear
components of the free energy of the initial and acti-
vated states (according to Eq. (23)).

Applying these considerations to the reversible
open-closed transition (Eqg. (16)) leads to the following
general expression for the voltage-dependence of rate

constants: . . .
ment of a gating charge subject to a mechanical con-
a(V) = age@tbV+aVit.)/RT straint (modeled here as a spring of conskafig. 5B),
BV) = Bo e @+ V4GV 24 ) /RT (25) t_he force du_e to this constraint will cqntribute foranon-
’ linear term in the free energy-kV? in the case of a
whereay, ay, by, by, €1, ¢, ..., are constants specific  Spring). This model is probably more realistic than us-
of this transition. ing a freely moving charge because charged residues in

It is important to note that, in general, these para- general are strongly constrained by the structure of the
meters are not necessary interrelated because the thregrotein and are therefore not moving freely. Adding
different conformations implicated here (initial, acti- more complex constraints will likely results in adding
vated, final as in Fig. 3) may have very different dis- further nonlinear contributions to the free energy (such
tributions of charges, resulting in different coefficients as the third-order terms in Eq. (27)).
in Eg. (23) and thus also resulting in different values

foras, ..., c,. Inthe following, this general functional ~ Nonlinear Thermodynamic Model of the T-Current
form for the voltage dependence of rate constants will Nonlinear thermodynamic models (Eq. (25)) of differ-
be callednonlinear thermodynamic model entcomplexity were considered to fit the voltage-clamp

In the low field limit (during relatively small trans- ~ dataofthe T-current. The quadratic expansion still pro-
membrane voltages), the contribution of the higher- vided a poor fit of the time constants, although better
order terms may be negligible, and one can approxi- than linear fits (not shown). Acceptable fits were ob-
mate the free energy in various ways. The simplest ap- tained for a cubic expansion of the rate constants, given
proximation would only consider first-order terms in by
V, which gives the linear thermodynamic model (Eq.

(17)). Other approximations would consistin quadratic am(V) = Anexp — [bmi(V — Vi) + cm(V — Vin)?

or high.er-order gxpansions qf the free energy. These +dm(V = Vi)¥]/RT

approximations include nonlinear effects of the volt- )
age on the free energy, and may lead to saturating rate#m(¥) = Am €Xp — [bm2(V — Vi) + Cma(V — Vi)
constants, as we will show below. +dm2(V — Vi)®]/RT (28)
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A Linear model B Nonlinear model

AG ~ zFV AG ~ zFV - kV?

Figure 5. Models of ion-channel gating based on the movement of an electric charge inside the chankéleely moving gating charge

will result in a free energy that depends linearly on voltaBe Imposing onstraints on the movement of the gating charge will add nonlinear
terms in the free energy (see text). The example shown here illustrates the case of a gating charge attached to a spring<pfdoaktaait
result in a quadratic voltage-dependence of the free energy.

an(V) = Anexp — [bn(V — Vi) + cni(V — Vh)? able behavior, as shown in Fig. 4B. All protocols of
3 activation (Fig. 4B1), deactivation (not shown), inac-
+dn1(V — Vi)°]/RT , tivation (not shown), and recovery from inactivation
Bn(V) = Anexp — [bna(V — Vh) + Cna(V — Vi) (Fig. 4B2) showed a similar voltage dependent behav-
+dn2(V — Vi)®]/RT. ior as the experimental data.

The best fit of this nonlinear thermodynamic model Genesis of Low-Threshold Calcium Spikdsinally,
isshowninFig. 2 (thick dashed lines) and was obtained the different models shown above for the T-current

with the following parametersd,, = 0.053ms?, Vi, = were compared in current clamp. A single compartment
—56 mV, by = —260 I mV'L, gy = 2.20 J mV-2, model of the thalamic cell was generated (see Eq. (10)
dm1 = 0.0052 I mV3, by, = 64853 mVVe, ¢ = in Section, Methods) and contained leak currents
2.02JmV 2, dp, =0.036ImV3, A, = 0.0017 ms?, and the T-current using one of the models described
Vi, = —80mV,by; = 163ImVL, ¢y = 4.96 ImV-2, above. The genesis of the low-threshold calcium spike

dhy = 0.062 I MV 3, by, = —438ImVvL, ¢, = 8.73 was monitored through return to rest after injecting
JmV2,dy, = —0.057 I mV3. Figure 2 (thickdashed  hyperpolarizing currents. The Hodgkin-Huxley type
lines) shows that this model could capture the form model of the T-current generated low-threshold spikes
of the voltage dependence of the time constants. Inin a grossly all-or-none fashion (Fig. 6A). The lin-
particular, it could fit the saturating values for the time ear thermodynamic model (Fig. 6B) did not generate
constants at depolarized levels. Nonlinear expansionslow-threshold spikes, consistent with the very small
of higher order provided better fits, but the difference amplitude of the current evidenced above (Fig. 4A). On
was not qualitative (not shown). the other hand, the nonlinear thermodynamic model
Using these rate constants to simulate the voltage- of the T-current presented a behavior more consis-
clamp experiments on the T-current produced accept- tent with the Hodgkin-Huxley type model (Fig. 6C).
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A Empirical Hodgkin-Huxley model B Linear thermodynamic model
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Figure 6 Low-threshold spikes generated by three different models of the T-current. Comparison of the same current-clamp simulation for
three different Hodgkin-Huxley type models for the T-current: an empirical ma&lelg linear thermodynamic modeB) and a nonlinear
thermodynamic model3). The simulation consisted in injecting hyperpolarizing current pulses of various amplitud€26,—0.05,—0.075,
—0.1,-0.125, and-0.15 nA) and of 1 sec duration. At the end of the pulse, the model generated a low-threshold spike on returdto rest.

Peak amplitude of low-threshold spikes (LTS) generated by the different models of the T-current. All simulations were done using the same
single-compartment geometry that constained leak currents in addition to the T-current (see Section 2, Methods). The density of T-channels was
identical in all casesRc, = 5 x 1075 cm/s) and was in the range of densities estimated from rat ventrobasal thalamic neurons (Destexhe et al.,
1998).

Although the shape of the low-threshold spikes were nonlinearly onvoltage can capture these properties. We
not identical, their peak amplitudes were remarkably discuss below possible applications of these nonlinear
similar (Fig. 6D). We therefore conclude that nonlin- thermodynamic models.

ear thermodynamic models provide fits of comparable

quality to empirical Hodgkin-Huxley type models, us-

ing a functional form of the voltage-dependence de-

rived from physically plausible arguments. 4.1. Applications to Hodgkin-Huxley Models

As we have shown for the T-type calcium current, an
4. Discussion important caveat of linear thermodynamic models is

that the time constants may be arbitrarily close to zero.
In this article, we have shown that (1) Hodgkin-Huxley This is due to the fact that rate constants described by
type models in which the transition rates are deduced simple exponentials of voltage (Eq. (17)) can reach ar-
from a linear dependence of the free energy on voltage bitrarily large valueg. Different solutions to this prob-
fail to account for the voltage-dependent properties of lem have been proposed (Borg-Graham, 1991; Willms
some currents, such as the T-current in thalamic neu- et al., 1999) and consisted in artificial alterations of the
rons, and (2) models in which the free energy depends Hodgkin-Huxley formalism by either setting minimal
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values for the rate constants or forcing the rate constants1985). In this case, the transitions leading to activa-
to saturate at extreme voltages. However, these proce-tion and inactivation should rather be modeled using
dures are largely empirical, which contrasts with the Markov kinetic representations, as was done for the T-
initial aim of thermodynamic models. current in fibroblasts (Chen and Hess, 1990). Single-
In reality, the rate of conformational changes of channel recordings should be used to decide which
proteins are necessarily bounded by mechanical con-representation is most appropriate. In the case of the
straints and consequently, the transition time constantsthalamic T-type current, such data are not yet available.
have a minimum value (e.g, Fig. 2C-D, symbols). We At present, therefore, nonlinear thermodynamic mod-
have explored here the hypothesis that this minimum els constitute an acceptable biophysical representation
value is due to nonlinear effects of the voltage on the for this current, which is consistent with macroscopic
ion channel. We have examined functional forms for voltage-clamp measurements in thalamic neurons.
the voltage dependence of rate constants that include
effects such as deformation of the protein by the electric o
field (Hill and Chen, 1972; Stevens, 1978; Andersen 4-2. Applications to Markov Models
and Koeppe, 1992) or mechanical constraints on the ) _ o )
gating process (Fig. 5). These considerations lead to The nonlinear thermodynamic formalism is not specif-
a more general form of the voltage dependence of the ically related to the Hodgkin-Huxley model but is alsp
free energy. The resulting model can capture the satura-applicable to any type of voltage-dependent model, in-
tion of the rate constants at some voltages and naturally cluding Markov representations. For example, when
leads to time constants saturating to a minimal vdlue. Macroscopic voltage-clamp data reveal that the time
This type of model can therefore capture experimental f:qnstants saturate to a minimum value for activation,
data showing such a minimal time constant, as we have it is usually assumed (e.g., Chen and Hess, 1990) that
illustrated for the T-type current (Fig. 2C-D, symbols). this behavior requires two successive transitions:
It must, however, be kept in mind that models in

. . . a(V) kq
which the free energy is represented by a quadratic or C,—C —0 (29)
third-order polynomial ofV are approximations. In BV) ko

its nonapproximated form (Eq. 23), the free energy -
can be expressed as an infinite-order polynomiaf of whereC; andC, are two distinct closed states of the

(Stevens, 1978). Approximating this form by asecond- 9ate, and the rate constanisand § are simple ex-

or third-order polynomial relies on the hypothesis that pone_npal; of voltage (Eq. (17)). Becaqse .the second
the voltage is not too large (the “low-field limit”). Con- transition is not dependent of voltageT it will act as a
sequently, these forms are adequate only for describing"2t€-limiting factor whew andg reach high values. In
the behavior of the channel in a specific range of mem- tis case, the system will be governed essentiallyiby
brane potential. The example shown here for the T- @ndke, which impose a limit on the rate of activation
current suggests that this range is large enough to apply2nd inactivation. o
tothe usual range of membrane potential used in macro- 'Although t,h's scheme may be more rgallstlc, Itis
scopic voltage-clamp experiments. Outside this range, still unrealistic that the simple exponential represen-

such as for very large voltages, the values of rate con- tatiqn f(_)ra and g permits the first tra_msition to occur
stants may diverge, and one must consider more COm_arbnrarlly fast at some voltages. This problem can be

plex expansions of the free energy, taking into account SCIV€d by using nonlinear thermodynamic models for
more sophisticated effects of the voltage on the channel @ @1d 8, leading to a simpler scheme with only one

structure. transition:

Although nonlinear thermodynamic models capture o V)
the kinetics and voltage dependence of currents with Cc, — O. (30)
an accuracy comparable to Hodgkin-Huxley models BOV)

based on empirical functions, they may not be cor-

rect because the Hodgkin-Huxley formalism itself may Here, the rate constantsandg are exponentials with

be inadequate. It is possible that activation and in- an argument depending nonlinearly on voltage (Eg.

vactivation are coupled, similarly to Nachannels (25)). Thus, inthis case, the minimum value of the time

(Armstrong, 1981; Aldrich et al., 1983; Bezanilla, constantis not interpreted as due to the existence of a
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rate-limiting transition but as due to mechanical con-
straints in the effect of the electrical field on the protein.
Nonlinear thermodynamic models therefore open the
possibility of describing the gating of ion channels us-
ing more compact models with few states, which may
be of great value for network simulations (Destexhe
etal., 1994).
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Notes

1. Thetermthermodynamicsis used here to describe nonequilibrium
phenomena (e.g., de Groot and Mazur, 1962; Kreuzer, 1981),
which typically apply to ion channels during voltage-dependent
transitions.

. Very fast transition rates are however common in single channels.
For a recent modeling of this aspect at the single-channel level,
see Sigg et al. (1999).

. In addition, to be more realistic, models with a minimal time
constant are also more stable numerically.
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